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Abstract 

In this paper we investigate the one-dimensional harmonic oscillator with 
a singular perturbation concentrated in one point. We describe all possible 
selfadjoint realizations and we show that for certain conditions on the per¬ 
turbation exactly one negative eigenvalues can arise. This eigenvalue tends 
to —oo as the perturbation becomes stronger. 


1 Introduction 

The one-dimensional harmonic oscillator is given by the formal differential 
expression 

The aim of this paper is to investigate several possible realisations of 21 as 
a symmetric linear operator and determine all possible selfadjoint extensions. 

By the Liouville-Green asymptotic formula [Eas89, Theorem 2.2.1], it is 
known that there are solutions y± of 21?/ = \y with the following asymptotic 
behaviour for jtj —>■ oo: 

~ irh)! ± ■*“) 

for jaj large enough. This shows immediately that 21 is in the limit point case 
both at -foo and —oo. 

In order to assign an operator to the differential expression 21, we need to 
specify a domain of admissible functions. The minimal operator associated 
with 21 is 

^min/ ^ = C“(M). 


1 





Since 21 is in the limit point case both at +oo and — oo, the operator A™™ 
is essentially selfadjoint (see, e.g. [Tri92, 7.1.3]). Its closure is the so-called 
maximal operator associated to 21: 

Af = 21/, ViA) = {/ : R ^ C : /, /' abs. cont., /, 21/ S L 2 (R)}. (2) 

Note that 

yimin c = v4 = .4*. 

It is well known that A has a compact resolvent, and that its spectrum consists 
of simple eigenvalues: 

a[A) = (Jp{A) = -I- i : n € Noj. (3) 

The corresponding eigenfunctions are 

ijjnit) = e~* ^^CnHn{t) 

where is the nth Hermite polynomial of order n, 

and the normalisation factor c„ := ( 7 r 2 2 ”n !)“2 is chosen such that = 

nm ■ 

Remark 1. A straightforward calculation shows that if u is a solution of 
(21-1-A)u = 0, then (t — u is a solution of (21-l-A —n)M = 0 and u 

is a solution of (21 -f A -I- n)u = 0. 

In particular, all eigenfunctions of A can be obtained by the recursion 

'/’o(t) = ^ ^ (4) 

Note that -|- t)" i/jq = 0, in agreement with the fact that A has no negative 
eigenvalues. 

From the recursion formula (4) it is clear that tpn is an even function if n 
is even, and that it is an odd function, if n is odd. In particular, we have for 
n e No 

'/’ 2 n(-a;) = '(/> 2 n(a;), V' 2 n( 0 ) 7^ 0 , ' 0 L(O) = 0 , 

ll^^n+li-x) = -ll) 2 n+l{x), llj2n+l{0) = 0, "0^-71 (0) 0- 

In Section 2 we consider the restriction of the harmonic oscillator to the 
open half lines R±: 

Af-fit) := 2t/(t), P(A™) := C^iR±), 

/,/' abs. cont., | 

2t/|K± eT2(R±)J ■ 


AT^fit) := 2t/(t), P(Ar") ■■={/■■ 


C 
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With them we define 0 Clearly, 'D{Aq) = 0 

maxN 
+ ^' 

In sections 3 and 4 we will study several restrictions of the operator A by 
imposing conditions at t = 0. We define the closed symmetric operators 

Bf:=mf, V{B)-.= {feV{A):f{0)=0}, 

Cf := 2t/, V{C) := {/ G P(A) : /(O) = /'(O) = 0}. 

So we have the following chain of operators 

AoCA=CcBcA = A*cB*cC*=A*. 

With exception of the first one, all inclusions are one-dimensional. We will 
classify all selfadjoint extensions of B and C in terms of conditions on the 
behaviour at 0 of the functions in the corresponding domains. Slightly abus¬ 
ing language, we will call these conditions boundary conditions at 0. We will 
not use the von Neumann extension theory for symmetric operators, but will 
identify selfadjoint extensions with maximal neutral subspaces of C^, and 
respectively, equipped with an inner product induced by the condition 
(21/, g) = (/, Qig) for /, g in appropriate spaces. It turns out that the self¬ 
adjoint extensions of B can be parametrised by one real parameter. Every 
selfadjoint extension is of the form 

/ cont. in 0, 

^2 cos(6») /(O) = sin(6») [/'(0O) - /'(-O)] 

for 9 G [0,7r). All functions in these domains are continuous at 0, but their 
derivative has a jump proportional to its value in 0. There is a one-to-one 
correspondence between the constant of proportionality and the particular 
selfadjoint extension. The operators B^eta can also be interpreted as the 
classical harmonic oscillator with a ^-interaction at 0 on a bigger Hilbert 
space, see Section 5: 

with c = Let G{uj) be as in (19). If c > —then Bg has only 

positive eigenvalues. If c = then 0 is an eigenvalue of Bg, and if c < 
— , then Bg has exactly one negative eigenvalue. This eigenvalue decreases 

monotonically to — oo as c tends to — oo, or equivalently, 9 tends to tt. 

The free Schrodinger operator with singular potential at 0 was investi¬ 
gated by Seba in [Seb86] and then later by Kurasov in [Kur96]. Both use 
von Neumann’s extension theory to obtain selfadjoint extensions of a given 
differential operator on R \ {0} and interpret their results in terms of d- 
and (^'-interactions at 0. The one-dimensional harmonic oscillator with 6- 
interaction at the origin was considered for instance by Gadella, Glasser and 


V{Bg) =lfG V{A*) 
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Nieto in [GGNll] and Viana-Gomes and Peres in [VPll]. In both works 
the eigenfuntions are calculated in terms of confluent hypergeometric func¬ 
tions. Moreover, it is shown that the eigenvalues with odd eigenfunctions are 
not changed, whereas the eigenvalues with even eigenfunctions increase (for 
c > 0) or decrease (for c < 0) when compared with the eigenvalues of the 
harmonic oscillator without singular perturbation. 

The paper is organised as follows: In Section 2 we consider the harmonic 
oscillator on the open half lines K+ and ]R_ and we classify all selfadjoint 
extensions of A™'" by parametrisation with one real parameter. In Section 3 
we consider the operator B and show that all its selfadjoint extensions are 
parametrised by one real parameter. Moreover, we show that there appear 
arbitrarily small negative eigenvalues. In Section 4 we investigate the op¬ 
erator C. The family of selfadjoint extensions is parametrised by four real 
parameters (equivalently by the set of all unitary 2x2 matrices). Finally, in 
Section 5 we give an interpretation of the operators Bg and Ck as operators 
with a 5- and ^'-interaction at 0 in a Hilbert space H- D L 2 (R). 

In this paper, we use the following notations. We set 1R+ = (0,oo) and 
]R_ := (—00,0) and for functions / : M —>■ C we define their restrictions 
f± := /|r,|_. The standard inner products on L 2 (R) and on C" are both 
denoted by (•,•). There will never be danger of confusion. 

Given a sesquilinear form [ •, • ] on C", we call a subspace L neutral if [it, u] = 
0 for every u,v £ L. A subspace L is called maximal neutral if it is neutral 
and not properly contained in any other neutral subspace. 

2 The harmonic oscillator on the half line 

First we restrict the harmonic oscillator to the half lines The correspond¬ 
ing minimal operators are 

Af-fit) := 2l/(t) {t £ R±), V{Af^) := ^^(Ki). 

These operators are in the limit point case at ±oo and in the limit circle 
case at 0, hence they are not essentially selfadjoint. Their adjoint operators 
are 


:= 2l/(t) {t £ K±), 

P(Ar") := {/ : ^ C : fj' abs. cont., 21 /|m^ £ T 2 (M±)}. 

Note that for / £ the one-sided limits f(+0) := lim fit) and 

/'(-fO) := lim /'(t) exist. Similarly, for / £ the one-sided limits 

/(—0) := lim f(t) and /'(—0) := lim /'(t) exist. 

t —^0 t —^0 

All selfadjoint extensions of A™'" are given as restrictions of by 

appropriate boundary conditions at 0. In Lemma 3 we will show that exactly 
one boundary condition is needed. 
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Recall that the defect index of an operator T with respect to z G p(T) is 
given by 

n(T,z) :=dim(ker(T* -z)). 

It is well known that the defect indices are constant in the complement of the 
numerical range 


W{T) ■.= {{Tx,x):xGV{T),\\x\\ = l}, 

see, e.g., [Kat66, Ch. V, Theorem 3.2]. It is easy to see that W{T) C K for 
a symmetric operator T. Hence its defect indices are constant in the upper 
and lower complex plane. We will denote them by 

n+(r) = dim(ker(T* — z+)), n--{T) = dim(ker(r* — z_)), 

for any z± G <C with Im(z±) G K±. By the von Neumann theory, a symmetric 
operator has selfadjoint extensions if and only if its defect indices are equal 
(see for instance [WeiSO, Ch. 8.2]). 

Lemma 2. The defect indices o/H™™ are n+(H51™) = = 1 and 


C R+. 


(5) 


Proof. We show the lemma only for For all / G integration 

by parts yields 


{Afyj) 


-f{x)f{x) 


\f 


Vl^dx 


poo 

/ \ff + x^\f\^dx>0 
Jo 


which shows (5). Hence the defect index of H™'" is constant in C \ R+. 

It can be easily verified that two pairs of independent solutions of (21 + 
i)/ = 0 are 


0l(^)=e^‘^ 

(j)+{t) = J e ds. 

(6) 

</)l(^)=e5‘^ 

(f-{t)=e^* f e“® ds = (j)+{—t). 

(7) 


— OO 


Observe that cj)+ + <j)- = tfi. Clearly ^ L2(M+), but 0 +|r+ G 

L2(R+)- Thereforeker(H™®'’'+i) = span{^+|R_^} andn+(H™™) = n_(H™™) = 

1 . 

Analogous calculations show that /) > 0 for all / G T>(A™“), 

^ L 2 (R-), f’-W- G L 2 (R-), and therefore ker(A™*^’'+i) = span{0_|R_} 
and n+(A™) = n_(A™) = 1. □ 
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The following result on selfadjoint extensions of follows easily from 
the general theory of Sturm-Liouville operators. For the convenience of the 
reader, we present it here with a proof in order to illustrate the method of 
indefinite inner product spaces for the description of selfadjoint extensions. 

Lemma 3. All selfadjoint extensions of are one-dimensional; they are 
restrictions of of the form 

V{A±^e) = {/ G V{ATn ■■ cos(0)/±(+O) = sin(0)/i(+O)} (8) 


with 9 G [0, tt). 

Proof. We show the claim only for yl™™ since the corresponding assertions 
for follow analogously. 

By Lemma 2, the defect index of yl™'" is equal to 1 on C\M+. Two functions 
f,gG 'D{A’^^^) belong to a particular selfadjoint extension of A™'” if and only 
if {A^^^f,g) — {Afj^^f,g) = 0. Integration by parts leads to the condition 


0 = (Gl“-/,g) - = /(+0)5'(+0) - /'(+0)g(+0). 


On let us define the Hermitian inner product 


(9) 





i{x2yi - xiy2)- 


Then f,g belong to a particular selfadjoint extension of A™™ if and only if 
(/(+0),/'(+0))‘ and (g(+0), (/'(+0))* belong to a maximal neutral subspace 
of (C^, [•, •]). Clearly e+ = (1, i)‘ is a positive and e_ = (—1, i)* is a negative 
vector and ||e+|| = ||e_||. Hence all maximal neutral subspaces are given by 

^® = ®P^^{(i(l+V2i.))}=(span|(^.^^^te-2i.))}) , 0G[O,^). 

Therefore all selfadjoint extensions of are given by 

= |/ G V{A^n ■■ (/'(to)) ^ 

= {/gP(H-“) : /(+0)(l + e-2'^) = -i/'(+0)(l-e-2'^)} 

with 9 G [0, tt). The last description yields (8). □ 

Remark 4. Let / G L 2 (R+) and g G L 2 (R-) such that g{x) = f{—x) for 
X G R_. From the formula (8) it is clear that / G V{A^.^g) for some 9 G (0, tt) 
if and only if g G and / G if and only if g G 2?(H__o)- 


6 




Recall that {tjjn '■ n G N}, the set of eigenfunctions of the harmonic 
oscillator on R (see (4)), is an orthonormal basis of L 2 {M.). Let us denote 


'>Pn,+ = 1pn\R+, "ipn- = , 


( 10 ) 


n G No- 


Clearly both {'4’2n,± '■ n G No} and {tp 2 n+i,± '■ n G Nq} form a complete 
orthogonal systems on M±. With these observations we can calculate the 
spectrum of the operators for 9 = 0 and 9 = ^. 

Corollary 5. Let A±^e as in (8). 

(i) cr(A±^o) = o'p(A±_o) = {2n + | : n S No} and the corresponding eigen¬ 
functions are ' 02 n+i,±, n £ No- 

(ii) a{A±_:^) = CTp(A±_^) = {2n + ^ : n £ No} and the corresponding 
eigenfunctions are ' 02 n,±; n £ No- 

Proof. We will prove the claim only for Aj^,q. All other statements are proved 
analogously. Since all V' 2 n+i are odd functions, it follows that '02n+i(O) = 
0 and therefore their restrictions '02n+i,+ belong to 2?(A+_o)- Moreover, 
A+,o'02n+i,+ = (2n + |)V' 2 n+i,+, hence {2n + | : n £ No} C crp(A±,o)- 
Now the claim follows from the completeness of the system {^ 2 ™+!.+} in 


□ 


From the asymptotic expansion (1) of solutions of the equation Sty = Xy 
it is clear that for every A £ M there is exactly one solution y\ which is square 
integrable on R-|-. It belongs to the domain of exactly one selfadjoint extension 
namely the one with 9 £ [0,7r) such that cos9y\{0) = sm9y'^{0). The 
expansion (1) also shows that all eigenvalues are simple. 

Since W{A™™) C (0,oo), the non-positive spectrum cr{Ag) fl (—oo,0] of 
any selfadjoint extension Ag consists of at most one eigenvalue of multiplicity 
at most 1, see [WeiSO, Ch. 8.4, Cor. 2]. The next lemma deals with these 
eigenvalues. 

Lemma 6. Let A±^g as in (8) and let a a as in (21) below. 

(i) Aj^^g has the eigenvalue 0 if and only if 9 = it — aA- It has a negative 
eigenvalue if and only if 9 G (tt — ua, tt). Moreover, for j = 1, 2, let Xj 
be eigenvalues of A^p^ . If X 2 < Xi < 0, then tt — a a < 6>i < 02 < tt. 

(ii) A-,g has the eigenvalue 0 if and only if 9 = aA- It has a negative 
eigenvalue if and only if 9 G (0, cta)- Moreover, for j = 1,2, let Xj be 
eigenvalues of A-p.. If X 2 < Ai < 0, then a a > 0i > 02 > 0. 

Proof. We proof only (i). The claims in (ii) follow from (i) and Remark 4. 
Let w > 0. On [0, 00 ) we consider the Cauchy problem 



u(0,w) = 1, Uf{0,uj) = 0. 
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( 11 ) 

( 12 ) 


Let us write u{t,u!) as power series 


OO 

u{t, w) = ^ an{u})t'^. (13) 

n —0 

Replacing (13) in (11) we obtain a 2 n+i(w) = 0 and 

ao(w) = 1 , 02(0;) = 

1 (14) 

a2n+2(w) = . I a2n{uj) + a2n-2(w)), 71 > 1. 

{2n + 2)[2n + 1) 

Let us show that the series converges for alH > 0. To this end we will show 
that for every a; > 0 there is a constant q{uj) such that 

a 2 n(w) < n € N. (15) 

n\ 

Let us assume that this inequality is true for numbers n — 1 and n. Then, 
due to (14), we have 

1 f 2uj^q(uj) qjuj) \ 

- ( 2 n + 2 )( 2 n + l) V n\ (n - 1)1 J 

q^uj) f ^ \ 

~ (n + 1)! V2n + 1 2(2n + 1 )) ' 

Since 2n+i 2 ( 2 n+i) 3 there is a natural number no{u}) such 

that 2 ^pj- + 2 ( 2 ra+i) ^ ^ every n > no{uj). Thus, (15) holds if we take 

g(a;)=max{l, 2 ! • 02(0;),..., uq! • a2no(w)}. 

Due to (15) the series (13) converges and u{t,uj) < q{uj) e*^ for a; > 0, t > 0. 

Note that all a2ni^) are positive increasing functions of w, so for every 
t > 0, u{t,uj) is an increasing function with respect to uj and for every a; > 0, 
u(t, w) is a positive increasing function with respect to t, so u(t, lo) ^ i 2 (®.+ ). 
For the special case w = 0 we obtain 


u(t, 0) 


1 + E 


^4n 

nLl4fc(4fc-l)' 


(16) 


Due to the inequalities 

1 1 1 
_ < _ 77 £1 M 

322n(2n-l) 4n(4n-l) 22 2n(2n-l)’ ’ 

we have 

2 2 

cosh < u(t, 0 ) < cosh , t > 0. (17) 
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(18) 


Now let us define (compare with (6)) 

/■“ -2 

v{t,u!) := u{t,u!) / (it(s,w)) ds 


and 


poo 

G{u!) := v{0,u!) = / (u(s,w)) ^ds. 

Jo 


(19) 


Since u{t,uj) is positive and increasing both in t and w, it follows from (17) 
that 

/“OO ^ ^ l‘00 ^ 

< u{t^u)) / (u(t,a;)) (u(5,a;)) ds= (u{s,lo)) ds 

Jt Jt 

/ CO pOO 

(it(s, 0)) ^ ds < J (cosh(s^/3)) ^ ds G L 2 (R+)- 

It is easy to check that v{-,uj) satisfies (11) and 

1 -2 

-- r+u'{t,uj) / (^(s,^)) ds, 

therefore, by (12), ?;((0,u;) = —1. It follows from (19) that 

u(0,w) 


y^(0:w) = -■ 


G(c^) 


( 20 ) 


which is equivalent to the boundary condition (8) with 9 such that tan0 = 
—G(a;), that is, 9 = — arctan(G(w)) G (7r/2,7r). Observe that G(a;) is de¬ 
creasing and continuous in w and lim G(uj) = 0. Hence 9 is increasing in w 

CJ—)-C30 

and tends to tt for w —>■ oo. For the special case w = 0 we obtain 0 = 7r/2 — a a 
where 


aA = arctan(G(0)). (21) 

□ 

3 One-dimensional restriction of the harmonic 
oscillator and classification of all selfadjoint ex¬ 
tensions 

In this section we consider the harmonic oscillator on the real line with the 
following restriction: 

Bf := 21/, V{B) := {/ G V{A) : /(O) = 0}. (22) 

The operator B is closed and symmetric, but not selfadjoint. We also define 
the symmetric operator 

Ho/ := 21/, 2?(Ho) := {/ G Gr(R) : 0 ^ supp /}. 
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Remark 7. The domain of can be viewed as 'D{Aq) = 
hence it is easy to see that its adjoint is given by 


Alfit) 


t>0, 

^< 0 , 

{/ e TzW : f± e ViA'^^^)} = V{A^^^) © T>(y4““). 


It should be noted that Aq and the selfadjoint extensions Bg and Ck of B 
and C which we will calculate below are not differential operators on T 2 (R) in 
the classical sense because functions in their domains need not be continuous 
or differentiable in 0. 

Lemma 8. We have the chain of extensions Aq <Z B G B* C Aq and 
B*fit) = A*Qfit), 

V{B*) = {/ : M ^ C : /± e /(-O) = /(+0)}. 


Proof. Note that Aq C R, hence B* C Aq. Let / G R(R) and g € 'D{Aq) 
Then / and /' are continuous in 0, /(O) = 0 and g± G 'D{A'^^^). Hence 
integration by parts yields 


{Bf,g)-{f,A*Qg) 


f'gdt- / rgdt+ / //dt+ / f^dt 

) Jo J — oo J 0 

0 oo 0 

=-.f'iOVit) -fiOViO +f{t)g'{t) +f{t)g'{t) 

— OO 0 —oo 

= -/'(0)5(-0) + /'(0)5(+0) 

= /'(0)(5(+0)-M-0)). 


Therefore g G 2?(R*) if and only if g is continuous in 0 and in this case 
B*g = Alg. □ 


Note that functions in the domain of B* are continuous but their deriva¬ 
tive may have a discontinuity in 0. 

Analogously to Lemma 3 we now classify all selfadjoint extensions of B. 

Proposition 9. The defect indices of B are n+{B) = n-{B) = 1. Hence all 
selfadjoint extensions of B are one-dimensional restrictions of B*. They are 
of the form 

V{Be) = {/ G ViB*) : v^cos0/(O) = sin0 [/'(+0) - /'(-O)] } 
for 9 G [0, tt). 
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Proof. Observe that i? is a restriction of A, hence for the numerical ranges 
we have the inclusion W(B) C W{A) C [0, oo), so the defect index of B is 
constant in C \ [0, oo) and it suffices to show that dim (ker(i3* + i)) = 1. 

From the proof of Lemma 2 it is clear that every L 2 -solution of (21 + 
^)/ = 0 must be of the form / = a+(f>+X{-oo,o) + <^-?^-X(o,oo) with a± G C 
and (j)± as in (6) and (7). Clearly every such function belongs to B^Aq) 
and /(—0) = /(—0) = For / G V^B*) must have that 

/(—0) = /(+0). Therefore 

ker (^B* + ^) = span{()i+X(_oo,o) + ^-X(o.oo)} 
which shows that n{B, —i) = 1. 

Let us now determine all selfadjoint extensions of B. This is equivalent 
to determine all selfadjoint restrictions of B*. Let f,g G 'D{B*). Performing 
integration by parts we find 




-{B*f,g) 

pO poo pO poo 

= / f"gdt+ / f'gdt- / fg"dt- / frdt 


0 oo 0 

= f{t)g{t) + „ - f{t)g'{t) - f{t)g\t) 


= f'i-m-o) - n+m+0) - fi-owi-o)+fi+owi+o) 

= [/'(-O) - /'(+0)]5(0) - [g'(-O) - g'(+0)] /(O). 


Set 



—i 
0 
0 



Then /, g belong to a particular selfadjoint extension of B if and only if 
(/(O): f'{+d)Y and (g(0), g'{—0), g'i+O))* belong to a maximal neu¬ 

tral subspace of (C^, [•, •]) where 




G ^a;2 j , ^2/2 j ^ = i [a^i (2/3 “ 1/2) + Vi {^2 - 2:3)] • 


The eigenvalues of G are 0 and ±-\/2 with eigenspaces 

kerG = span {(0, 1, 1)*} , 

L-|. := ker(G — V2) = span |(i-\/2, —1, 1)*|, 

L_ := ker(G -I- v^) = span |(—i-\/2, —1, 1)*|. 
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Note that L± are maximal positive and maximal negative subspaces of 
respectively. Hence any maximal neutral subspace of has dimension 2. 
They are of the form kerG 0 {u + Kv : v G ker(G — v^)} where K is 
an isometry from L+ to L_. Clearly all such isometries are of the form 
I—>■ where v± G L±. In summary, all maximal neutral subspaces 

are 


9 G [0, tt). 

This can be rewritten as 

f /0\ /V2sin(6»)\ 'I / r /y2cos(6»)\ 

Le = span S ( 1 ; ( — cos{6) / = I span < I sin(0) 

iVV \ cosie) J j \ [\-smi0)J 

It follows that / G if and only if / £ 'D{B*) and 

V2cos6»/(0)+sin6» [/'(-O) - /'(+0)] =0. (23) 

□ 




Remark 10. (i) Observe that functions / in T>{B)* which satisfy 

{(/(0),/'(-0),/'(+0)} G kerG belong to V{B). 

(ii) The selfadjoint extensions of B can be divided into the following cases: 

(a) 0 = ^. In this case the boundary condition (23) simplifies to 

/'(-O) - /'(+0) = 0. 

That is, / and /' are continuous and we obtain the classical har¬ 
monic oscillator: B^j 2 = 

(b) 0 = 0. In this case the boundary condition (23) simplifies to /(O) = 

0 . 

(c) 9 G (0,7r) \ {7r/2}. The boundary condition (23) can be written as 

/( 0 ) = ^^[/'(+ 0 )-/'(- 0 )]. 

Hence any function in 'D{Bg) is continuous but its derivative has 
a jump in t = 0 which is proportional to the value of / in 0. 
Two different selfadjoint extensions of B have different constants 
of proportionality. 

(iii) For every n G Nq, the function '4)2n+i from (4) is an eigenfunction of 
Bg with eigenvalue 2n + 3/2. So the odd eigenvalues of the harmonic 
oscillator are not affected by the boundary condition at 0. 
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An interpretation of these operators as a differential operator with a J- 
interaction at 0 is given in Section 5. 

Let A G C. By the asymptotic expansion (1) the equation Sty = Ay 
has square integrable solutions y± on which are unique up to a constant 
factor. Let us define 


l/(x) 


y+(x), X >0, 
y+(-x), X <0. 


(24) 


Then clearly y G 'D(B*) and it is, up to a constant factor, the unique solution 
of {B* — A)y = 0. Moreover, y G ^{Bg) where 6 is the unique number in 
[0,7r) such that •\/2cos0/(O) = sin0 [/'(+0) — /'(—0)]. 

This shows that, as in the case of selfadjoint extensions of Aq, every A G M 
appears as eigenvalue of exactly one selfadjoint extension of B and that every 
eigenvalue is simple. Moreover, any given Bg can have at most one negative 
eigenvalue. 

As in Lemma 6 we can identify all 0 such that Bg has a negative eigenvalue. 

Lemma 11. Let Bg as in Proposition 9 and let as = arctan( ) with G 
as in (19). Then Bg has the eigenvalue 0 if and only if 8 = tt — as- It has 
a negative eigenvalue if and only if 9 £ (tt — as, tt). Moreover, for j = 1,2, 
let Xj be eigenvalues of Bg.. // A 2 < Ai < 0, then tt — as < 9i < 82 < ■ 

Proof. Let A = —< 0 and y as in (24) with y+ = u(-,w) (cf. (18)). Then 
y is an eigenfunction of Bg with eigenvalue A if and only if tan(0) = — . 

Hence negative eigenvalues occur if and only if 0 G (tt — arctan(^^^), tt). 
Since G is decreasing in w with lim;,j_>oo ^( 0 ;) = 0, also the last claim follows. 

□ 


For A G — (2N — i) we can calculate the corresponding eigenfunctions by 
a recursion formula. 

Lemma 12. Letn G N and (j)± as in (6) and (7). Set (/)±,Ti(t) := (^ + i)" <^±(0 
for t G M± and 

f</'+.n(i), t>0, 

Unit) := < 

[(f-^nit), t<0. 

Then U2n G 2?(i3*). That is, U2n defines a selfadjoint extension Bg of B and 
it is an eigenfunction of Bg with eigenvalue —2n — I. 

Proof. Clearly G ViA^^^). It is easy to check that ()'+(t) = 4>-{—t) for 
t > 0. Moreover, a straightforward calculation shows 

^21 + n + —^ 4 >±,n = 0. 
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Hence (f)+^n{t) = n(—i) for i > 0. So U 2 n is continuous in 0, and 

therefore it belongs to 'D{B*). If in addition we had M 2 „(—0) = U2n(+0)i 
then U 2 n & and —2n— i would be an eigenvalue of A, in contradiction 

to (3). □ 


4 Two-dimensional restriction of the harmonic 
oscillator and classification of its selfadjoint ex¬ 
tensions 


Let us restrict the harmonic oscillator on the real line further. We consider 
the following restriction C of the selfadjoint operator A: 

Cf := Af, V{C) := {/ € V{A) : /(O) = /'(O) = 0}. 

The operator C is closed and symmetric, but not selfadjoint. It is easy to see 

C*=Al. 

The operator C is closely related to the harmonic oscillator on the half lines 
M± because 

C = {C*)* = (A*)* =A= (25) 

Analogously to Lemma 3 and Proposition 9 we now classify all selfadjoint 
extensions of C. Observe that the selfadjoint extensions of C are exactly 
those of Aq. 

Recall that U{2) is the set of all unitary 2x2 matrices. 

Proposition 13. The defect indices of C are n+{C) = n-{C) = 2. Hence 
all selfadjoint extensions of C are two-dimensional restrictions of C*. There 
is a bijection from U(2) to the set of all selfadjoint extensions of C given as 
follows: For every K = {kjk)j € U(2), the operator 

CKf = a/, 


v{Ck) = Tf e v{c*) 


0 = (l-A:n)/(-0) + i(l + fcn)/'(-0) ' 

+ ifci2/(+0) — fci2/^(+0), 

0 = -A:2i/(-0) + ifc2i/'(-0) 

+ i(l + fc22)/(+0) + (1 — fc22)/^(+0)^ 


(26) 


is a selfadjoint extension of C. There are no other selfadjoint extensions and 
Ck = onlj/ if K = K. 

For a parametrisation of the selfadjoint extensions with four real param¬ 
eters, see the corollary after the proof of this proposition. 
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Proof. From Lemma 3 we know that n_|_(A™™) = so 

dim (ker(y45?‘^’' - i)) = dim {keT{A^’^^ + i)) = 1. 

Hence there are functions 0 such that ker(H™‘‘’^ — i) = spanli/ji}. From 
Remark 7 it is clear that 77 S ker(HQ — i) if and only if 77 |r^ G ker(H™’^’' — i). 
Therefore 

ker(Ho - i) = span{xR_ t/"-, Xr+' 0 +} 

and n+{AQ) = 2 . Analogously u_(Ag) = 2 can be shown. 

Now let us determine all selfadjoint extensions of Aq which is equivalent 
to determine all selfadjoint restrictions of Aq . Again we apply integration by 
parts and find 

{f,A*g)-{A*f,g) 

= fi+OWi+0) - n+Om+O) - /(-0)5'(-0) + /'(-O)g(-O) 

for all f,g G V{A^). 

Hence /, g belong to a particular selfadjoint extension of Aq if and only if 
(/(-O), /'(-O), /(+0), /'(+0))* and (^(-O), g'(-O), 5(+0), 5'(+0))‘ belong 
to a maximal neutral subspace of (C^, [•, •]) where 





/2/A 


/ 

/o 

—i 

0 

o\ 

/xi\ 


/2/i\ 


X 2 


2/2 


- 


0 

0 

0 

X 2 


2/2 


X 3 

5 

2/3 


-\ 

0 

0 

0 

i 

X 3 

5 

2/3 


\xi) 


\2/4/ 



VO 

0 

—i 

0; 

\X4) 


V 2 / 4 / 


= K^iy 2 - X 2 yi - + 3 : 42 / 3 ). 

Every maximal neutral subspace has dimension 2. Let 

vi = ;^(l: b 0, 0)*, V2 = b i)‘, 

wi = -^(1: -b 0, 0)‘, W2 = -b !)*■ 

Then L_|. = spanjui, 7 : 2 } is a maximal positive and L_ = span{?iii, 77 : 2 } is a 
maximal negative subspace of (C^, [•,•]) and all maximal neutral subspaces 
are of the form 

Lk = {u + Kv : V G L-i-} = {w + K*w : w G 

= {w — K*w : w G L-}'^ 

where AT is a unitary operator from L_|. to L_ and [T] denotes the orthogonal 
complement with respect to the inner product [ •, • ]. With respect to the 
basis vectors Vi,V 2 ,Wi,W 2 , K can be written as quadratic matrix 

H (27) 

\^21 ^22 / 
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with kjk G C (for the form of these numbers see the corollary after this proof). 
With respect to the standard unit vectors 01 , 62 , 03,04 in C'^, the space Lk 
can be written as 


Lk = span < 


^ 1 + kii \ 

i(l - fell) 


-ifei 

V fei / 


( k ,2 \] 

-iki 2 I 
i(l - k22) I 

\ 1 + ^22 / J 


/ 

span 

V 


/ 1 — \ 

—i(l + kii) 

-ifci2 

V -ki2 y 


/ -^21 
-iA:2_i 
-i(l -I^fc22) 

V 1 ~ ^22 


\1\ 


(28) 


where K = as in (27). From (28) it follows that every selfadjoint 

extension of C is of the form (26). □ 


It is well-known that 17(2) is parametrised by four real parameters j3i, P 2 € 
M: Every K G U(2) is of the form 


_ / e‘^1 sin a e cos a \ 

^ l^e'^^cosa —e^'^^sinay 


(29) 


for fixed (j), a, Pi,P 2 - 

Therefore the boundary conditions in (26) can be rewritten as follows: 

Corollary 14. Let K £ U(2) as in (29). Then f £ 'D{Ck) if and only if 
f £ 'D{C*) and f satisfies the boundary conditions 

0 = (1 — e“^e‘^^ sina) /(—0) -I- i(l -I- e''^e'^^ sina) f'{—0) 

+ ie“^e“'^^ cosa/(-l-O) — e''^e“‘^^ cosa/'(-l-O), 

(30) 

0= —e“^e‘^^ COSO/(—0)-I- ie“^e‘^^ cosa/'(—0) 

+i(l — e''^e“'^^ sina) f{+0) + (1-I-e“^e“'^^ sina) f'{+0). 

In the following subsections we discuss particular choices of K. 

4.1 Classical harmonic oscillator 

Let 77 = ^ . For instance, we can choose a = Pi = (32 = 0, (j) = tt. 

Then the boundary conditions (26) reduce to 

/(-0) = /(+0) and /'(-O) =/'(+0). 

Hence Ck = H is the classical harmonic oscillator. 
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4.2 Boundary conditions such that Ck = Bg 

Let /3i = /32 = 0, a G (0, tt), (j) = a + 7r/2. Then 


ia 1 sin a cos a 
V cos a — sin a 


and the boundary conditions (30) become 


0 = (l — ie‘“ sin a) /(—0) + i (l + ie‘“ sin a) f'{—0) 
- e‘“ cosa(^/(+0) + i/'(+0)), 


(31) 


0 = -ie'“cosa(^/(-0) - i/'(-0)) 

+ i (l — ie‘“ sin a) /(+0) + (l + ie‘“ sin a) /'(+0), 


which, for a 7r/2 is true if and only if 

/(-O) =/(+0) =:/(O) and /'(-O) -/'(+0) = 2tana/(0). (32) 

Choose 0 € [0,7r) such that cot0 = — \/2tana. Then Ck = Bg with K as 
above. For a = 7r/2, the conditions (31) are equivalent to /(+0) = /(—0) = 0. 

4.3 Boundary conditions with continnous derivative 

Let a G (0, tt) and let /3i = /32 = 0, <() = 7r/2 — a. Note that e''^ = ie“‘“ and 



cos a — sin a 


sin a cos a 



Then the equations (30) become 

0 = e“‘“ cos a /(—0) + i(l + ie“‘“ sin a) /'(—0) 



(33) 



+ ie cosa/(+0) + (1 + ie sinQ;)/'(+0). 


If a ^ 7r/2, then (33) is equivalent to 


f'(-O) = f'(+0) =: f'(0) and /(+0) -/(-O) =-2tanaf (0). (34) 

If a = tt/2, then (33) is equivalent to /'(—0) = /'(+0) = 0. 
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5 Interpretation as S- and ^'-potentials 

Observe that the operator A from (2) is closed. Hence the set H+ := ^{A) 
becomes a Hilbert space with the norm 

11/11+ :=II/IU:=(||/||^ + P/|P)^ /GHh.. 

Let Hq := L2(1R)- Li addition to the usual norm on H, we define 

ll/ll- := sup{|(/,g)| : 3 G H+, ||c/||+ < 1}, / G Ho, 

and we define H- to be the closure of Hq with respect to the norm || • |1_. 
Then (H_, || • ||_) is a Hilbert space and it can be viewed as the dual space 
of H+. Observe that we have the continuous inclusions 


H+cHoC 

On says that Hq is rigged by H+ and H_, see, for instance, [BSU96], Chapter 
14. 

If T : H+ —Ho is a bounded linear operator, then we define its adjoint 
operator T* : Hq — >■ H_ as the unique bounded linear operator that satisfies 


{Tf,g) = {f,T*g), /gH+, 5 GHo, 


where (•, •) denotes the inner product on Hq. 
Let us define the functions 


Wl{t) 


v{t, 0), if t > 0, 
v{—t, 0), if t < 0, 


W2(t) 


v{t, 0), if t > 0, 

0), if t < 0, 


with V as in (18). Clearly wi,W 2 & Hq C H_. Observe that 

wi(+0) = wi(—0) = ?iJ2(+0) = —W2(—0) = ?;(0,0) = G(0) (35) 

and ^^(+0) = —w^(—0) = r(;2(+0) = W2(~0) =0) = —1. (36) 

Lemma 15. The linear functionals 


S-.H+^C, Sf = f{0), 

6':H+^C, S'f = f{0) 

are bounded and 

Sf = ^{Af,w^), S'f = ^^{Af,w2), f€H+. 
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Proof. Note that for any / G 77_|. = I?(A) and j = 1,2, we have, using 
integration by parts twice, 


/ + 00 

{Af){t) ■ Wj(t) dt 

-OO 

/ O n+oo 

-OO J 0 

/ O /*+oo 

/(t)(-rt;"(t)+ / /(t)(-w"(t) + (t)) dt 

-OO J 0 

+ /'(0){wj(+0) - Wj(-O)} + /(0){w'(-0) - w'(+0)} 

= /'(0){wj(+0) - u;j(-0)} + /(0){w'(-0) - w'(+0)}, 

so the second claim follows from (35). Now the boundedness of 6 and 5' is 
clear, because \Sf\ = \^{Af,wi)\ < ^\\Af\\ ||u;i|| < ^\\f\\ + \\wi\\, and analo¬ 
gously 1^71 < 2 ^ll/lklki||. □ 

Recall that in our case, i?_|_ C 'D{Aq) C Hq C H_. By definition of 
the operator 


A : 


Hn 


Af = Af 


is bounded. Let us calculate how A* acts on elements g G 2?(Aq). As in the 
proof of Lemma 15, integration by parts gives for / G 

(A/, g) = {g{+Q) - g(-0)} /'(O) + {7(-0) - 7(+0)} /(O) + (/, Alg) 

= {5(+o) - g{-0)} W’ ^ 2 ) + {g'{-0) -g'i-o)} ^{Af,wi) 

+ (7 

= m+O) - 5(-0)} + {g'{-0)-g'{+0)} l{f,A*w,) 

+ {f,A*og). 

So by Lemma 15, we obtain 


T* gi+0) - g(-0) 

= —M(0)— 


5 '(- 0 ) - <?'(+ 0 ) 


A*wi + Agg, 


or, if we identify iL_ and (i?+)', 


A*g = {5(+0) - 5(-0)}<5' - {7(+0) - 7(-0)}5 + A*g G (i/+)'. 


Hence Aq can be seen as a perturbation of A*: 

A^g = A*g - {5(+0) - 3(-0)}y + M+0) - 7(-0)}^ G {H+Y (37) 
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for g £ 'D{Aq). Recall that the operators Bg from Section 3 and Ck from 
Section 4 satisfy B C Bg C Aq and C C Ck C ^q. So we obtain the 
following: 

• Any function g £ T>{Ck) with K as in Subsection 4.1 satisfies g{—Q) = 
g(+ 0 ) and g'{— 0 ) = ff'(+ 0 ), hence 

CKg = A*g = A*g. 

• Any fnnction g £ V^Ck) with K as in Subsection 4.2 and a yf 7 r /2 
satisfies g(— 0 ) = g(+ 0 ) and 5 '(— 0 ) — ^'(+ 0 ) = 2 tana g( 0 ), hence 

CKff = Agg = A*g - 2 tan a 5 ( 0 ) 5 . 

If we take 6 such that cot0 = — \/2tana, we obtain 

Bgg = Ck 9 = V^cot 9 g{0)6 + A*g. 

Note that Bg as exactly one negative eigenvalue if 0 £ ( 7 r /2 + aA, tt) 
and this eigenvalue decreases monotonically to — oo as 0 —tt, that is 
•\/ 2 cot( 0 ) —>• —oo. 

• Any function g £ 'D{Ck) with K as in Subsection 4.3 satisfies 5 ^(—0) = 
5 '(+ 0 ) and 5 (+ 0 ) — 5 (—0) = —2tana ^'(O). Hence, for a 7 r /2 

CkQ = ^09 = A *9 + 2 tan a 5 '(0)5'. 
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